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^ : ABSTRACT 

cn 

^ ■ 

^ . We apply the techniques of 5" -algebras to the construction of N=5-8 supercon- 

formal algebras and of SO(l,9), a modification of S0(l,9) which commutes with 
^'^-transformations. We discuss the relevance of SO(l,9) for off-shell super- 
MaxweU theory in D=(l,9). 



in 



Q_i' 1. N=5-8 Superconformal Algebras 

^ , We seek to generalize the = 4 superconformal algebra 

"O : J\z)JJ{w) = S^-' + e"^ (J^{z) + J 

rN . (z z -w \ ' 



J'{z)Ga{w) = ai, G,{w)] 

z — w 



Ga{z)Gb{w) = ^^^^^o Sab + 7 Cr^fc (j^i^) + 

[z — wy [z — w)^ ^ 

+ 5ab (l{z) + L{n 

Z — 111 V 



with 
and 



/, J,A: G {1,2,3} , a, 6 G {0,1,2,3} 



The symbols Ca and e^* denote unit quaternions and their conjugates, and by the 
bracket [...] we mean the real part of a hypercomplex number. The step from A^ = 4 
to A^ > 4 proceeds by first generalizing SU(2) ~ to S"^ . The latter is not a 

^ Talk presented at the Workshop on Gauge theories, applied super symmetry and quantum gravity, 
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group manifold anymore, and therefore we generalize the structure constants e^^^ to 
structure functions 

Tl^JK = [(e^*X*) (Xe^) e^*] =: [(e^* o e^) e^*] , (2) 

defined using imaginary unit octonions and the octonionic coordinate X, |X| = 1 
on the seven-sphere |], ^ ||: 

[z — wy z — w 

J\z)X{w) = X{w) e'* , (3) 

where now of course I,J,K G {l,---,7} and a,b ^ {0, ■■■,7}. We remark that 
octonions are nonassociative: 

e^*oe-^ = (e^*X*) {Xe'') ^ e^*e-^ , (4) 

otherwise S'^ would be as simple as and many of the problems we address and 
which remain would vanish. 

Eq.(^ looks quite nonlinear, and is for that reason difficult to generalize. The 
algebra becomes much more manageable if we first represent X by an uncomstrained 
octonion A via X = A/|A| and work with operators K = A J* instead of J. Then we 
obtain 

2 

z — w 

Ka{z)h{w) = ^— (|A|25„, - K\){w) , (5) 
z — w 

which means that the structure functions are linear in the coordinate A. If we define 
fermionic generators for a G {0, ■ ■ ■ , 7} if N=8, or a G {1, ■ ■ ■ , N} if X < 8, this 
almost holds for the structure functions of the entire superconformal algebra: 

K,{z)K,{w) = ^— \aMw) 
z — w 

Ka{z)F-{w) = ^— K,{w) de^{w) 
z — w 

F-{z)F^{w) = ^^i^ ( A, K,{z) A, <f K,{w) ) + 
[z — wy ^ ' 

+ (^r^ (lApL-SA^ir^-S^'^F'^) + 29^("F^)^ .(6) 

The structure functions in eq.@ depend not only on the coordinates of the seven- 
sphere, but also on their superpartners 6"^,/i G {0, ■■•,7}. It should be stressed 
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that both eq.(^ and eq.(|D are computed as classical algebras, i.e. neglecting double 
commutators. We should add the action of the generators on the coordinates: 



Ka{z)\biw) 

F"{z)9P{w) 



1 



z — w 

-1 



[z — w 

1 



5"^ \XWw) 



z — w 

A representation is furnished by the explicit example 

= |A| V + A, (a-a'^),, Wb dO" 

1111 

L = -dXaWa - -XadWa + -dXadXa - -"(pad^lja ■ 

We may now rewrite the complete algebra in terms of the currents J\z) and Ga{z) 
|A|-^[X F Ca*]. We note that Ga{z) is reducible for < 8. 



(7) 



J'{z)Ga{w) 



z — w 



IJrpIJK \ tK /-a- 



Ga{z)Gb{w) 



+ iz < — > w) 



+ y (^"X)(a {a^dX)b) (26% - 5if Ti-^^j J\z) 



w 



(9) 



The basic structure of the algebra becomes clear if we set X = 1 and 9 = 0, d9 = 0: 

= — - — [ele^^ea] Gaiw) 
x=i,e=o z — w 

^ Ke^e^*] {J\z) + J\w)) 



j'{z)Ga{w) 

Ga{z)Gb{w) 



X=1,0=O 



\z — wy 
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+ 



L(w) 



Ga{zW{w) 
Ga{z)Xb{w] 



Z — W 
1 



x=i.e=o 



x=i,e=o 



x=i,e=o 



z 




w 




1 




z 




w 




1 




z 




w 



5: [e^ele^*] ^ 



(10) 



which is an algebra very similar to the nonassociative construction of Defever, Troost 
et.al.p]. We interprete eq.(|^) as a > 4 superconformal algebra "at the north pole 
of 5*^". Almost all the complications evident in eq.(^ are due to the nonassociativity 
of octonions forcing us off the north pole. 

The quantum versions of the above algebras are straightforward but quite tedious 
to elaborate. For N < 8, field-dependent central terms arise. It is easy to arrive at 
a quantum N=8 algebra with only C-number central terms: one simply leaves out 
all the ip- ciiid x-dependence in eq.(|^). It is more difficult, but possible for N=8, 
to achieve that also in the general case. For a thorough discussion of the various 
quantum versions of the N = 8 algebra we recommend H. Samtleben's discussion 0. 

2. SO(l,9) and N=l Supersymmetric Maxwell-Theory in D=10 

The off-shell supersymmetry transformations of a U(l) gauge theory in D=(l,3) 
and D=(l,5) may be put in the form M 



5Am = 2i [e*at^^J 

= dMANO^'^'Jep - D'a'Jep , (11) 

where a, d, /? G {1, 2}, M G {0, ■ • • , D - 1}, / G {1, ■ ■ ■ , D - 3}, the spinor 
components ea,ipa take values in C or H, and the bracket [...] takes the real part of 
a (hyper) complex expression. The various sigma-matrices are defined as follows: 



[r cr'^'aa X"] = V2Sl'[elXi] - V26'J[e;X2] + [ete'^Aa] + [e;e^*Xi] 
[e* fx^-^<^" AJ = - V26t'[el\i] + v^^^'fe^Aa] - [eJe^Aa] - [e^e^*Ai] 

[Xl^'^pr^] = [A^W*] + [A^^^V*] , (12) 

where is a S0(D-2) vector index, i.e. /i G {1, ■ ■ ■ , D — 2}, and as usual a*"^^ = 
It is useful to introduce the real spinor ip^ = 'ipi,a, ip2,a in terms of two SO(D- 
2)-spinors with ipi = ipi,aGa, "^2 = 4'2,a, a,a E {0, ■ ■ ■ , D — 3}. Then the sigma-matrices 
have the following form: 
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a' 



db / 

The main properties of these sigma-matrices are a^^-^a^^ = —rj^^^ and a^^a^ = 
cr^aM- The latter equation may be understood by looking at eg. ([T^) : o"*^ multiplies 
a spinor on the left by a (hyper) complex number, while does so on the right. 
Both operations commute by the associativity of multiplication. The reader may 
wonder about the matrices . They incorporate, in a real basis, the (hyper) complex 
structure of spinors in D=(l,3) and D=(l,5). One way to see why they are necessary 
is to count sigma-matrices, for example in D=(l,5): 



^(AB) ■ 



(^usf ■ 10 (selfdual in MiVP) 



'[AB] 

)[AB] 

(„MNPzz.I\ . o 1 n 

W (T )(AR\ ■ O • iU 



{(r'''(y%AR^ : 3-6 



(14) 



}{AB) 

Without we would not properly fill out the total of 64 matrices with 28 antisym- 
metric and 36 symmetric ones. This counting makes it pretty clear why it should be 
hard to extend this picture to D=(l,9). There we have: 

<T ■ 120 (15) 

Vsf'^^ : 126 (selfdual in MATPQi?) . 

We obtain the full 16 • 16 = 256 matrices without recourse to some , which would 
not commute with o"*^ in any event, due to the nonassociativity of octonions. 

In the following we will introduce a modification of S0(l,9), which we will call 
SO(l,9), where there does exist an octonionic structure that commutes with the 
generators. Using this modification in eq.(0), we will be able to retain the closure of 
the algebra on the bosonic fields Fmn = <9[A/^Af] and , but not on the fermions Aq,. 

To start with, we introduce the algebra of eq.(^ once again, this time in the guise 
of what we will call SO (8): 

Kb = [(Ae[^)e^l*9:]<5., + [(e:X*)((Xe['^)e^l*)e,] (16) 
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are the generators for the spinor- representation, so that, in octonionic form, with 

C = CaCa- 

E'^^C = X*(((Xel^)e'']*)C) 

E^^X = {Xe^^)e''^* (17) 
The commutators are readily computed: 

= -86^^[,J:''l]ab , (18) 

i.e. we obtain the usual SO (8) commutation relations. However, we clearly are per- 
forming nothing but ^^-transformations, and hence SO (8) ought to be 7-dimensional. 
This is true, since the projection operator 

= -^[(e['^oe^]*)(e[^oe'^]*)] (19) 



acts trivially on E'^'^ and has dimension 7: 

pa ab 

Pji: = 7 . (20) 

We have, through the introduction of the 5" ''-coordinate X, gained the room to intro- 
duce (an infinity of) commuting S'^'s, of which we pick the following example: 

^ib = 5ab5' + [e:X*{{{Xe,)Y*){Ye^*))] 

d^Y = Ye^* , (21) 

where we have introduced yet another S^-variable Y, which is not strictly necessary. 
Setting Y = 1 and 6^Y = does not alter the picture qualitatively. That case, 
however, is a rewritten version of eq. (2.11) in In any case we have now 

S^'^^S^ = ^^J:^" . (22) 

It remains to define the counterpart to a^^: 

^ab = ^ab 

Ei, = [Xe^dl]S,, + [{e:X*){Xe^)e,] 

Kb = (^'^^')ab 
S^, = (S°,-S^)„, 

= [ve'*d;]6^b + [{e:X*){{Xe,)Y*){Ye'*)] , (23) 

where Y = T]/\ri\. In order to ensure the usual (anti)hermiticity properties, we inte- 
grate eq.(p!2D over X and Y, with normalization / dX = 1. Without these integrations, 
identities such as 

(S[^E^S'=l)„fe Xl = /c/Xdr[x"* (S''S-'S^l)„fe V^''] (24) 
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would be incorrect. 

Now we have all the ingredients we need to construct SO(l,9): we simply replace 
S0(8)-invariant matrices in eq.(|T3|) by SO(8)-invariant differential operators, and 
inner products get integrated over X and Y . We will define the SO(l,9)-invariant 
sigma-operators in complete analogy with eg . (|13D and denote them with E^, and 

The supersymmetry algebra then reads: 

S.Am = 22 1 dXdY [e*St^>a] 

<5,V^„ = ^M^^S^^^/e^ - D'T.'Jep , (25) 

By construction, it closes off-shell on the bosonic fields. Of course, this is the easy 
part. The algebra does not close on the fermions, since the required Fierz-identity 

/dxdrdx'dr (Siv(x)^(^ s*^^(x')a^) + ^^"{x,y)^^^ ^\x\y')a^^) 

= jdXt.MiX)^''^^ (26) 

fails to hold. By writing Sm(-^)^'" we wish to remind the reader of the dependence 
on the various ^''-variables. Let us, as an example, consider the sector a = = 
1,7=1,5 = 1. Then eq.(|26|) reduces to 

5d(b5c)a - / dXdY S^(X, y),(, / dX'dY' E^(X', r),)„ = d^ad , (27) 

and we compute 

JdXdYJ:\X,Y),, = -\[e'ele,] 

J dXdY E\X, r),(6 / dX'dY' E\X', F')c)a = ^{SdibSc)a - SbcSad) • (28) 

We obtain the correct tensor structure, but with an additional coefficient 1/16, which 
ruins the show. Curiously, we also obtain 

'E^{X,Y)d(b^^{X,Y)c)a = 5d{bSc)a - hJad , (29) 

which looks, up to the missing integrations, just like eq.(^). Such tantalizing coin- 
cidences show up also in other sectors of eq.(p6l), but we have not been able to use 
them to define a consistent off-shell supersymmetry algebra in D=(l,9). 
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